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1 Introduction

In this note we show that the regular heptagon and the two regular heptagrams, all of side
length 1, can be connected vertex to vertex by seven equilateral triangles, also of side length
1, and thus form the unit distance graph shown in Fig. 1.

2 Preliminaries

Let

α =
1

sin
(
2π
7

) , β =
1
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(
4π
7

) , γ =
1

sin
(
8π
7

) .
We begin by establishing two identities involving α, β and γ.

First, we have

tan
θ

2
=

sin θ

1 + cos θ

which yields
1

sin θ
=

1

tan θ
2

− 1

tan θ

and therefore
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1

tan π
7

− 1

tan 2π
7

+
1

tan 2π
7

− 1

tan 4π
7

+
1

tan 4π
7

− 1

tan 8π
7

= 0. (1)

Second, we have in general
n−1∑
j=1

1

sin2 jπ
n

=
n2 − 1

3

(for example, confer [1], identity (23)). Taking n = 7, it follows that

α2 + β2 + γ2 =
1

2

(
1

sin2 π
7

+
1

sin2 2π
7

+ . . .+
1

sin2 6π
7

)
=

72 − 1

2 · 3
= 8. (2)
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Figure 1: A unit distance graph
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3 Geometrical analysis

The circumradius of a regular heptagon {7/1} with side length 1 is 1

2 sin(π
7 )

= −γ
2 , while

the circumradii of the regular heptagrams {7/2} and {7/3} with side lengths 1 are α
2 and

1

2 sin( 3π
7 )

= β
2 , respectively. Suppose the three heptagons are concentric, and are originally

”aligned” in the sense that their vertices are located on seven rays with the common centre of
the heptagons as their common terminus, before the {7/2} is rotated an angle π

3 clockwise and
the {7/3} is rotated an angle π

3 counterclockwise. Three vertices, one from each heptagon, are
said to be corresponding if they were on the same ray prior to the rotations.

Proposition 3.1. In the above setting, a triangle connecting three corresponding vertices must
be equilateral of side length 1.

Proof. In view of (1) and (2), we have
α2 + αβ + β2 = α2+β2+(α+β)2

2 = α2+β2+(−γ)2

2 = 4

α2 + αγ + γ2 = α2+γ2+(α+γ)2

2 = α2+γ2+(−β)2

2 = 4

β2 + βγ + γ2 = β2+γ2+(β+γ)2

2 = β2+γ2+(−α)2

2 = 4

which is equivalent to 
(
α
2

)2
+
(

β
2

)2
− αβ

2 cos 2π
3 = 1(

α
2

)2
+
(
−γ

2

)2 − α(−γ)
2 cos π

3 = 1(
β
2

)2
+
(
−γ

2

)2 − β(−γ)
2 cos π

3 = 1.

By the law of cosines, with the common centre of the heptagons as the vertex opposite either
side of the triangle, each side length must indeed be equal to 1.

4 Epilogue

The 4-regular graph on 21 vertices in Fig. 1 is an induced subgraph of the 6-regular unit
distance graph on 63 vertices in Fig. 2. Both have chromatic number 4.
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Figure 2: Another unit distance graph
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